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Background

Setup

m k is an algebraically closed base field, all algebras are over
k.

m Typically A will be an N-graded algebra: A =@,y A,
and A,'Aj C A,'+J'.

m When A is connected, this means Ag = k.

m Every coaction of a Hopf algebra H on A will be required
to be graded, that is, it sends A; — A; @ H.



Universal quantum groups

Quantum-
symmetric
equivalence

via Manin's Idea: we want to study A by understanding Hopf coactions on
o A
In general, many different Hopf algebras coact on A. To study
coactions systematically, we use Manin’s universal quantum
group:

A—Ls aut/(A) @ A

p lf@d

H® A.

Background

Right universal Hopf algebras aut"(A) are defined analogously.
Replacing everywhere “Hopf algebra” by “bialgebra,” we define
end/(A) and end"(A).




Existence of universal quantum groups

Quantum-

symmetric If Ais a quadratic algebra, end(A) has a concrete description:

equivalence

via Manin’s m If A and B are algebras,

universal
quantum

k(A1 @ Br)
(S(23) (R(A) ® R(B)))’

where 5(23) TAIRAIR®RBI®B > AiRBI ®AI ® By is
the flip of the middle two tensor factors in the 4-fold
tensor product.

m Then end’(A) = Ae A', where A' is the Koszul dual to A
(take the free algebra on dual vector space to Aj, quotient
by the perpendicular space to the relations of A), and
end'(A) = end"(A').

Manin's universal quantum group aut”(A) is the Hopf envelope
H(end"(A)) of end"(A).

Ae B =

(1)

Background




Quantum-symmetric equivalence

Quantum-
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NERVELITES

universal .

p——— m Two Hopf algebras H; and H, are said to be
Morita—Takeuchi equivalent if

comod(Hi) = comod(H.) as tensor categories.

m We say that two graded algebras A; and A, are weakly
quantum-symmetrically equivalent if aut"(A;) is
Morita—Takeuchi equivalent to aut”(A2), and
quantum-symmetically equivalent if additionally the
equivalence sends A; to A».

Background

m Main question: what properties of A are shared by its
quantum-symmetric equivalence class?




Morita—Takeuchi theory

Quantum-
symmetric

equivalence m A left Galois object for a Hopf algebra H is a left

NERVELITES

mifieel H-comodule algebra A such that the composition

quantum
AR ALY Heo A A O™ e A

is a linear isomorphism. Right H-Galois objects are defined
similarly.

m An Hi-H> bi-Galois object is a bicomodule algebra which
is a left H; Galois object and a right H, bi-Galois object.

Background

Theorem (Schauenburg)

Two Hopf algebras Hy and H» are Morita—Takeuchi equivalent
if and only if there is a nonzero bi-Galois object between them.




Morita—Takeuchi theory
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universal A mapo: H® H — k is a 2-cocycle if it is invertible in the
roupe. convolution algebra, and satisfies

Y ol n)olays,2) =Y oy, z1)a(x,y222) and
o(x,1) = o(1,x) = e(x).

Definition

For a 2-cocycle, there is a way of twisting the multiplication of
Background H giving a Hopf algebra H?, which is Morita—Takeuchi
equivalent to H.

An Hi-H> bi-Galois object A gives a 2-cocycle if and only if it
is cleft, that is, if there are isomorphisms A = H; as left
Hi-comodule algebras and A = H, as right Hx-comodule
algebras.




Zhang twists and quantum-symmetric equivalence

Quantum-

symmetric i i .
squivalence m Recall that if we follow the philosophy of noncommutative
i algebraic geometry proposed by Artin and Zhang, the
quantum

groups “noncommutative projective scheme” of an algebra A is an
invariant of the graded module category of A.

m In other words, from this perspective we only care about A
up to graded Morita equivalence.

Theorem (Zhang)

Two connected graded algebras A and B are graded Morita
equivalent if there is a graded automorphism ¢ : A — A with
A? =~ B,

Background

(Becomes “only if" if one replaces “graded automorphism”
with “twisting system".)
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groups If ¢ : A— A is a graded automorphism, then A and A? are
quantum-symmetrically equivalent.

Theorem (Huang—Nguyen—Ure-V.—Veerapen—Wang)

m In fact, this equivalence arises as a 2-cocycle twist. In fact,
the 2-cocycles corresponding to Zhang twists are precisely
the 2-cocycles that arise from 1-dimensional
representations of aut”(A).

B m In other words: equivalence of graded module categories,

on the level of algebras, via Zhang twist from

automorphism, leads to a tensor equivalence of comodule
categories, on the level of their universal quantum groups.
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Quantum-
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via Manin's If ¢ is a graded automorphism of A, we can get two bialgebra

universal

quantum maps:

groups

Kent Vasha A &>®I(A) QRA
¢l lemi’(ab)@id
A2 end!(A) ® A.

A2 A g end” (A
Background ,
¢ lid ®end’ (¢')

A A A g endr(A).
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Twisting pairs

These two maps motivate our definition:

Definition
Let B be a bialgebra. A pair (¢1, ¢2) of algebra automorphisms

of B is said to be a twisting pair if the following conditions
hold:

Ao ¢y = (id®¢1) oA and Ao ¢y = (¢ ®id) o A, and
eo(grod) =e.

Lemma

If A is a quadratic algebra and ¢ : A — A a graded
automorphism, then (end’((¢~1)"),end(¢)) is a twisting pair
for end'(A). In fact, every twisting pair for end'(A) arises in
this way.
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If B is a bialgebra with twisting pair (¢1, ¢2), then
$10 ¢2 = ¢20¢1, and
(61 ® ¢2) o A = A.
¢1 Is uniquely determined by ¢, and vice versa.

Background




Elementary properties of twisting pairs

Quantum-
symmetric

equivalence

via Manin’s If ¢ is a bialgebra map B — B, we obtain a unique

universal

quantum H(y) : H(B) — H(B) via the universal property:

B 3(B)

B
wl l%(w)
B

B 3(B).

Background Lemma

If B is a bialgebra with twisting pair (¢1, ¢2), then
(H(¢1), H(p2)) is a twisting pair for H(B).




Twisting conditions

Quantum-

symmetric .. .

equivalence Definition

via Manin's ] o . .

universal A bialgebra B satisfies the twisting conditions if
as an algebra B = @, B, is Z-graded, and

the comultiplication satisfies A(B,) C B, ® B, for all
n € 7.

quantum
groups

m If Ais a quadratic algebra, then end(A) satisfies the
twisting conditions.

Background m In general, if a bialgebra B satisfies the twisting

conditions, then so does its Hopf envelope #(B) (and so

in particular aut(A) satisfies the twisting conditions).

m If B satisfies the twisting conditions, then any twisting
pair of B preserves its grading.
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Proposition (HNUVVW)

Let B be a bialgebra (resp. Hopf algebra) satisfying the twisting
conditions . For any graded bialgebra (resp. Hopf algebra)
automorphism ¢ of B, the Zhang twist B? is again a bialgebra
(resp. Hopf algebra) satisfying the twisting conditions.

If H is a Hopf algebra with antipode S as in proposition, the
antipode of H? is S®(r) := ¢~ I"I(S(r)).

Background




Zhang twists of Hopf algebras
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universal Let B be a bialgebra satisfying the twisting conditions. For any
‘ graded bialgebra automorphism 1 of B, we have the following
Hopf algebra isomorphism:

Theorem (HNUVVW)

H(BY) = H(B)"¥).

Here the isomorphism is constructed via

Background

BY 7 3 (BY)

N

#(B)H¥).




Zhang twists versus 2-cocycle twists
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Proposition (Bichon—Neshveyev—Yamashita)

Let H be a Hopf algebra satisfying the twisting conditions. For
quantum any twisting pair (¢1, ¢2) of H, we have the following.

groups
s Vst ¢1 0 ¢ Is a graded Hopf automorphism of H.
Jjt. with

H The linear map o : H ® H — k defined by

Huang, Van
C. Nguyen,
Charlotte Ure, ‘Xl

Padmi.ni O-(Xv )/) — 5(X)5( 2 (y))v

is a 2-cocycle, whose convolution inverse o1 is given by

o (x,y) = e(x)e(@(v)).

The 2-cocycle twist H” =2 H#1°%2

As a consequence, H and H?'°%2 are Morita-Takeuchi
equivalent.

Background
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Corollary (HNUVVW)

Let B be a bialgebra satisfying the twisting conditions. For any
twisting pair (¢1, ¢2) of B, there is a unique twisting pair

(H (1), H(d2)) of the Hopf envelope H(B) extending (¢1, ¢2).
Moreover, the 2-cocycle twist H(B)?, with the 2-cocycle
o:H(B)® H(B) — k given by

o(x,y) = e(x)=(H(62)" (v)),

is the right Zhang twist H(B)™(#10¢2)_

Background
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Putting this all together for aut/(A):
m A a graded algebra, ¢ : A — A a graded algebra
automorphism.
m Then end/(A) satisfies the twisting conditions, and
(end"((¢~1)"), end'(¢)) is a twisting pair for end’(A).

m This extends to a twisting pair

(Hend"((971)")), H(end'(6))) for
H(end'(4)) = aut!(A).

Background
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Manin's quantum groups

Then we can compute

aut/(A%) = H(end'(A%))
=~ H((A%) o (A%))
= H((A)) e A%)
~ 7{((A" o A)end (#)oend’(671)"))
= 3 (end(A)ed (#)oend"(97))
= H(end(A))2u (9)oaut ((67))

= aut(A)°.
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AS-regular
algebras

Artin—Schelter regular algebras

We call a connected graded algebra A Artin—Schelter regular
(AS-regular) if

(AS1) A has finite global dimension d, and

(AS2) there is some integer / so that

,. k() ifi=d
Exta(k, A) = {o() ifi£d

where k is the trivial module A/A>;.

Idea: AS-regular algebras play the role of coordinate rings of
“noncommutative P”," in other words, they are
noncommutative analogs of polynomial rings. Hence, the study
of AS-regular algebras is a foundational problem in
noncommutative projective algebraic geometry.
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Theorem (Raedschelders—Van den Bergh)

Suppose A and B are AS-regular of the same dimension. Then
they are weakly quantum-symmetrically equivalent.

AS-regular
algebras




Quantum-symmetric invariants

Quantum-
symmetric

Theorem (HNUVVW)
equivalence
via Manin's Let A be a Noetherian connected graded algebra, and let B be

universal

QLT quantum-symmetrically equivalent to A.

m If A is AS-regular, then B is AS-regular;

e m If A is N-Koszul, then B is N-Koszul;

PO & cldim(A) = gldim(B);

¥ m ASReg(A) = ASReg(B), where ASReg(—) is numerical
AS-regularity, defined by Kirkman-Won—-Zhang.

Special cases of result (1) have appeared previously in the

QZ;Eiilar literature: Chan—Kirkman—-Walton—-Zhang have proven that

2-cocycle twisting for semisimple finite-dimensional Hopf
coactions preserves AS-regularity and Chirvasitu=Smith have
proven that 2-cocycle twisting for finite-dimensional Hopf
coactions preserves AS-regularity.
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AS-regular
algebras

Quantum-symmetric invariants

Idea of the proof:

Main tool: the relative module category consisting of
graded modules for A which are comodules for aut"(A), in
a compatible way.

The category of graded modules of A is NOT preserved
under a Morita—Takeuchi equivalence of universal quantum
groups.

E.g., by Radschaelders—Van den Bergh, an two AS-regular
algebras A and B of the same dimension are
quantum-symmetrically equivalent, but it is known that
they can have radically different categories of graded
modules (e.g. their point schemes, which classify the point
modules, don’t have to be isomorphic).

But quantum-symmetric equivalence DOES preserve the
relative module category.
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Theorem (HNUVVW)

Let A be an N-Koszul connected graded algebra. If A is
AS-regular, and B is quantum-symmetrically equivalent to A
via a 2-cocycle twist, then B is AS-regular.

AS-regular
algebras




Quantum-symmetric invariants

Quantum- Idea Of the prOOfZ

symmetric
equivalence

via Manin's m Compared to the previous theorem: can drop the

:Eiavnetrfam' Noetherian assumption on A, but add N-Koszul
assumption and the assumption that the
quantum-symmetric equivalence arises as a 2-cocycle
twist; we can replace the computation of Ext by the
condition that the Koszul dual is Frobenius, using a result
of Lu—Palmieri-Wu—Zhang which states that an N-Koszul
algebra is AS-regular if and only if its Koszul dual is

Frobenius.

m The Koszul dual A' is also a comodule algebra for aut’(A),

AS-regular
algebras and the Frobenius form A' ® A' — k is H-colinear.

m Then we show that ,-1(A') = (A,)', and that the
Frobenius property is preserved under monoidal
equivalence.




Quantum-symmetric invariants

Quantum- Combining our results with the Raedschelders—Van den Bergh

symmetric

equivalence theorem, we describe the (various) quantum-symmetric

VEEZE%S equivalence classes of any Koszul Noetherian AS-regular
groups algebra A of dimension d:

m the quantum-symmetric equivalence class of A, where the
Morita—Takeuchi equivalence is given by a 2-cocycle
coming from a 1-dimensional representation: Zhang twists
of A;

m the quantum-symmetric equivalence class of A, where the
Morita—Takeuchi equivalence is given by a 2-cocycle:
Koszul AS-regular algebras of dimension d with the same

Azl Hilbert series as A;

m the quantum-symmetric equivalence class of A: contained
in the set of Koszul AS-regular algebras of dimension d;

m the weak quantum-symmetric equivalence class of A:
contains all Koszul AS-regular algebras of dimension d.

algebras
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Superpotential
algebras

Quantum symmetries of superpotential algebras

m A preregular form is an m-linear form f on a vector space
V such that

f is nondegenerate, and
there exists P € GL(V) with

F(Viy ooy Vim) = F(P(Vm), Vi, ooy Vin—1) ¥V V1, ooy Vg € V.

m The superpotential algebra associated to f and an
integer N, denoted A(f, N), is the free algebra generated
by a basis {xi, ..., xn} of V, quotient by relations

E fi1.~im7NJ'1~~~J'NXJ'1"'XJ'N =0
1<j1,0jn<n

forall 1 <iy,...,im—n < n, where we denote
fi i = (X ey Xi))-



Quantum symmetries of superpotential algebras
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Theorem (Dubois-Violette)

Suppose A is Koszul AS-regular algebra, then there exist f and
N such that A= A(f, N).

Superpotential
algebras




Quantum-
symmetric
equivalence
via Manin's
universal
quantum

Superpotential
algebras

Cogroupoids

A k-cocategory C consists of the following data:
A set of objects ob(C).
For any X, Y € ob(C), a k-algebra C(X, Y).
For any X, Y, Z € ob(C), k-algebra homomorphisms

A%y 1 C(X,Y) = C(X,Z)®C(Z,Y)

and
ex 1 C(X, X) =k

such that standard coassociativity and counit diagrams are
satisfied.
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Superpotential
algebras

Cogroupoids

A k-cocategory is a k-cogroupoid if it is then also equipped
with linear maps Sx y : C(X,Y) — C(Y, X) for all X and Y
such that

C(Y,X) « k C(X, X)

u €x

1 .
CY, X)@C(Y, X) ¢ ——— C(X, Y)@ (Y, X)

and a similar diagram with S on the right commute.
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Theorem (Bichon 20014)

Two Hopf algebras Hy and H, satisfy comod(H;) = comod(H>)
if and only if there exists a cogroupoid C with C(X, X) = Hi,
C(Y.,Y) = Hy, and C(X, Y) # 0.

m Clear: in a cogroupoid, each C(X, X) is a Hopf algebra.

m Recall that a left Galois object for a Hopf algebra H is a
left H-comodule algebra A such that the composition

is a linear isomorphism. Right H-Galois objects are defined
similarly.
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Cogroupoids

If C is a cogroupoid and C(X, Y) is nonzero, then it is a
C(X,X)—C(Y,Y) bi-Galois object— that is, a bicomodule
algebra which is a left Galois object for C(X, X) and a right
Galois object for C(Y, Y). Then one direction of Bichon's
theorem follows from a classic theorem of Schauenberg:

Theorem (Schauenberg 1996)

Two Hopf algebras Hy and H, are Morita—Takeuchi equivalent
if and only if there is a bi-Galois object between them.




A cogroupoid associated to preregular forms

Quantum- Let e and f be m-preregular forms on vector spaces V and W,

symmetric
v respectively, of dimensions k and /. We define GL,(e, f) to be

universal the k-algebra with generators

quantum

A= (aj)ici<k,  B=(bj)i<i<, D*,
1<)<! 1573k

subject to the relations

E e,'l...,'mé),'l_,'1 s a,-mjm = fh"'ijv

1<it,...,im<k
E —e. . D1
fi1-~~imbimjm s bi1j1 = ejl...JmD s
1<it e yim<I/
Superpotential -1 -1
algebras DD - D D — 1,
AB — ]:[kxk.
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A cogroupoid associated to preregular forms

For each integer m, we now construct a cogroupoid GL,,
where objects are m-preregular forms, and GL (e, f) is defined
as the algebra above. The structure maps

A=AL,:GLn(e,8) = GLm(e,f) ® GLn(f, &)

are now defined via

q

gy _ e,f f.g

A(a;®) = g ay ®ar”,
k=1

q
bl 7f f’
AbE) =Y b @ blE,
k=1

A((De,g)il) _ (De,f)il ® (Df,g)il’
and
€e:GLm(e) = k

such that e¢(a®) = ce(b®) = 0, and e((D**)*!) = 1.
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A cogroupoid associated to preregular forms

Additionally, we define
Ser:GLm(e, f) = GL,(f,e)P
by the formulas
Se.r <Ae,f> — Bfe,

Se.f (IB%e’f) = (va‘-‘)_l Q lAfepDfe,

Ser ((De’f)ﬂ> - (vae)m.

One can check that GL,(e, e) is the universal quantum group
that preserves e, studied by Dubois-Violette—-Launer,
Bichon—-Dubois-Violette, Chirvasitu—Walton—-Wang.



A cogroupoid associated to preregular forms

Quantum-
symmetric
equivalence
NERVELITES
universal
quantum

Theorem (HNUVVW)

GL, is a cogroupoid, for any m.

Superpotential
algebras
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A cogroupoid associated to preregular forms

Proposition (HNUVVW)

For any 2-preregular forms e and f, GL>(e, f) is nonzero.

Upshot: given any two superpotential algebras from
2-preregular forms, there is a Morita—Takeuchi equivalence
between Hopf algebras coacting on them which takes one to
the other.
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A cogroupoid associated to preregular forms

This recovers two previously known results as corollaries:

Corollary

All superpotential algebras coming from 2-preregular forms are
AS-regular.

This was previously known due to James Zhang's classification
of dimension 2 AS-regular algebras.

Corollary

All dimension 2 AS-regular algebras are quantum-symmetrically
equivalent.

Recall that this is a special case of the result of
Radschaelders—Van den Bergh (their result is for arbitrary
dimension).
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Proof sketch

First step: reduction to the case where the dimensions of the
vector spaces for e and f are the same.

m For arbitrary F € GL(W) with corresponding preregular
form f, set

0 1
E= Eq = (—q_l O) S GLQ(k)

such that ¢? + tr(F'F~1) +1=0.
m Denote eq as the preregular form corresponding to E,.

m GLs(eq, ) # 0 by a theorem of Bichon (actually, Bichon
proves that a related algebra, which one can check is a
quotient of GL(eq, f) is nonzero.
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Proof sketch

Reduction to the case where dim V = dim W now follows from
another result of Bichon:

Theorem (Bichon 2014)
IfC(X,Z) and C(Z,Y) are nonzero, then so is C(X,Y).
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Proof sketch

Now assume dim V = dim W. To show GL5(e, f) is nonzero,
we construct a nonzero representation:
as a vector space, set U := @ ., Uqg, where each Uy is
defined to be the 1-dimensional vector space k.
Set My := M an arbitrary matrix in GL(V') and inductively
define
Mgt :=E"TM;"FT d>0
My_1 :=E'M;'F d<o0.

Define the action of A on each graded component Uy to
be given by scalar multiplication Uy — Ug.1, according to
the matrix My. Similarly, define the action of B on the
graded component Uy to be given by scalar multiplication
Ug — Ugy_1, given by the matrix M;il.

B The action of D*! on Uy will be defined on Uy as the
multiplication by 1 from Uy — Ug4o.
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This gives the following diagram, where the action of A moves
to the right, and the action of B moves to the left:

My Ma+1
e = — =
Ud Ud+1 Ud+2
\_/ \_/
M;! M}

d+1

Defining relations of GL>(e, f) are satisfied by this collection of
linear maps, so it forms a nonzero representation.
Superpotential

algebras
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Summary

This completes the proof that GL; is connected. What uses
does GL, have for n > 27

m Let e be the n-preregular form so that A(e, 2) is the
polynomial ring in n variables, and let f be another
n-preregular form.

m Then:

GLn(e,f) # 0= comodGL,(e, e) = comod GL,(f, f)
= A(f, n) is AS-regular



Conclusion
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Thank you for your time!

Superpotential
algebras
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